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From the second half of the 18th Century onwards, the Western world experienced unprece-

dented changes in the economic environment and in virtually all other aspects of human life.

After continued stagnant development, aggregate and per capita incomes entered a path of rapid

and sustained growth as depicted in Figure 1(a). At the same time, the living conditions also

changed radically. Mortality fell and average life expectancy at birth as well as at later ages,

which had virtually been unchanged for millennia, increased significantly within just a few gener-

ations, see Figure 1(b). Simultaneously, the traditional social environment changed profoundly,

as the vast majority of the population became educated. Literacy, which used to be the privilege

of a small elite, became widespread among the population, as is illustrated in Figure 1(c) by

the population share able to sign documents. While almost all skills were acquired through

apprenticeships before the industrial revolution, formal schooling represents the main channel

of human capital formation afterwards.1 Also the size of the population increased substantially

(Figure 1(d)).2 This increase seems to have been mainly driven by increased longevity, rather

than changed fertility behavior.3 While GDP kept growing unboundedly after the transition,

the growth in life expectancy and population eventually attenuated.

The aim of this paper is to provide a theory explaining this transition in income, life ex-

pectancy, education and population size as the endogenous outcome of a gradual process of de-

velopment. Earlier contributions to the literature have concentrated on the existence of multiple

steady state equilibria and have explained the transition from a stagnant regime to an environ-
1This is reflected in the substantial increase in average years of schooling and the age when individuals started

working, that accompanied the transition, see Cipolla (1976), Maddison (1991) and Galor and Weil (2000).
2The stylized facts are illustrated in Figure 1 with data for Great Britain, but other European countries exhibit

similar patterns. The GDP per capita data in Figure 1(a) are taken from Maddison (1991) and refer to United

Kingdom excluding South Ireland. Missing intermediate values are obtained by linear interpolation. The data for

life expectancy in England and Wales, see Figure 1(b), are taken from Www.Mortality.Org (2002) and Floud and

McCloskey (1994). The literacy data in Figure 1(c) reflect the ability to sign marriage documents, a measure of

intermediate literacy skills, which roughly corresponds to the proportion of the population able to read fluently

(Schofield, 1973, p. 440). The data are taken from Schofield (1973) and West (1978), and pertain to England

and Wales. Note that writing skills are essential for acquiring other skills like arithmetic or other substantive

knowledge, see also Cipolla (1969) and Floud and McCloskey (1994). The population size data in Figure 1(d) are

taken from Maddison (1991) and refer to the U.K. excluding South Ireland.
3See Johnson (2000). Galor (2004) provides an extensive discussion and further empirical evidence on the

relationship between fertility, longevity and population growth.
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Figure 1: The Stylized Facts of Long-Run Development

ment of sustained growth by scale effects, exogenous technological change, or shocks that move

the dynamic system from one steady state to another.4 The historical observation of gradual

development leading to a rapid transition has proved difficult to reconcile with this approach,

however. This paper characterizes both the stagnant and the growth regimes within a single

framework and analyzes the endogenous transition between these regimes. In particular, we

explain the phase transition within a unique dynamic system whose qualitative features change

gradually and endogenously. In this respect, our paper contributes to the recent literature of

unified theories initiated by Galor and Weil (2000) and Galor and Moav (2002). These theories

are based on a feedback mechanism between technology and human capital and demonstrate a

transition that is triggered by endogenous fertility behavior and endogenous human evolution,
4Early studies describing the correlation between the economic and the demographic transition include Komlos

and Artzouni (1990), and Kremer (1993). Population growth induces an industrial revolution via increased

specialization in the model by Goodfriend and McDermott (1995), and by facilitating the generation of knowledge

in Jones (2001). Exogenous technological progress moves the labor force from agricultural to industrial production

in Hansen and Prescott (2002). An exogenous reduction in mortality triggers the transition in Boucekkine, de la

Croix, and Licandro (2003). See also Galor (2004) for an overview of the literature.
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respectively. Complementary to these unified theories, we provide a novel mechanism driving

the transition, which is based on a positive feedback loop between life expectancy, human capital

formation, and endogenous technological progress.5

Our theory rests on the idea that human capital is a central factor of production, and at

the same time helps to improve the longevity and productivity of future generations. In turn,

individuals make their decisions concerning human capital acquisition by taking their life ex-

pectancy as well as the economic environment into account. At the individual level, becoming

educated is costly in terms of time, which induces a complementarity between the returns to

human capital and the remaining lifetime available to enjoy those returns. Human capital-driven

technological progress reinforces this complementarity. This leads to a potential virtuous circle

of more human capital formation, higher life expectancy, and faster growth. We show that

even a very slow rate of endogenous skill biased technological progress can induce a positive

feedback loop between human capital formation and longevity. As long as the constraint of low

life expectancy is binding and technology is not sufficiently advanced, however, the economy is

trapped on a low growth path. Economic improvements and improvements in life expectancy

are miniscule and almost undetectable for a very long period. But these improvements even-

tually lead to the disappearance of the stagnant regime and trigger a rapid transition towards

sustained growth and improved living conditions. The transition occurs only when longevity

and technology ensure sufficiently high returns to human capital for a large fraction of the pop-

ulation. This approach has the advantage of being based on observable variables like longevity

and schooling, as compared to theories resting on feedback mechanisms between technology and

human capital, which are more difficult to measure empirically.6

The paper is organized as follows. In section 1 we describe the economic environment, we

state and solve the individual education problem and describe the dynamic links between gener-

ations. Section 2 characterizes the development process and contains an illustrative simulation

of the model. Section 3 concludes. All proofs are collected in the appendix.
5We abstract from endogenous fertility behavior. For contributions studying the role of fertility for long-term

development and the demographic transition, see Kogel and Prskawetz (2001), Hazan and Berdugo (2002), Lucas

(2002), Kalemli-Ozcan (2002), Lagerlof (2003) and Doepke (2004), among others.
6The available empirical evidence regarding our assumptions and central results is discussed below.
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1 The Model

Time is continuous and denoted by τ ∈ IR+. The economy is populated by a discrete number

of overlapping generations, indexed by t ∈ IN. Each generation t consists of a unit mass of

individuals, who share a common life expectancy Tt ∈ IR+ (the determinants of which will be

discussed below) and have different abilities a. For each generation, abilities are distributed

uniformly over [0, 1].7 Every member of a generation gives birth to one offspring at age l > 0.

Figure 2 illustrates the timing of the model for the case in which life expectancy is increasing over

the course of generations. The total size of the population is given by the number of generations

alive at any moment in time τ . Consequently, despite the assumption of constant fertility,

which is made to highlight the role of longevity, the model generates population dynamics due

to varying life expectancy.8

� τ
τ0 (τ0 + l) (τ0 + 2l) (τ0 + 3l) (τ0 + 4l)

t
� �� �

Tt

(τ0 + Tt)

t + 1
� �� �

Tt+1

(τ0 + l + Tt+1)

t + 2
� �� �

Tt+2

(τ0 + 2l + Tt+2)

t + 3

Figure 2: Timing and the Evolution of Generations

A Human Capital Formation

Before supplying labor in order to earn an income and consume, individuals have to decide about

their education. At their birth they are endowed with one unit of unskilled labor which requires
7We assume that the ex ante distribution of innate ability or intelligence does not change over the course of

generations. The uniform distribution is chosen for simplicity, but the results can be obtained with an arbitrary

distribution of ability, including the case in which all agents are equally able.
8The timing of fertility is of no relevance for the main argument because, as clarified below, the dynamics of the

economy do not depend on the age structure of the population. If fertility timing were linked to life expectancy,

population dynamics would disappear only in the limit case of lt = Tt for any t.
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no education and can be supplied immediately to the market. Alternatively, individuals may

become skilled through the acquisition of human capital, which is characterized by a high content

of abstract knowledge and facilitates innovation and the development of new ideas.9 Every

generation has to build up its stock of human capital from zero, since the peculiar characteristic

of human capital is that it is embodied in people. To focus on changes in the environment, which

create the necessary and sufficient conditions for large parts of the population to acquire human

capital, we abstract from any real resources as input in education, from public provision of

education, and exclude any link between generations, through savings or bequests. Individuals

themselves, rather than their parents, decide about their education. Our central contention is

that the choice of human capital acquisition involves a trade-off: it enables individuals to earn

skilled labor wages but its acquisition requires valuable lifetime.10 More precisely, consider a

generation t of individuals endowed with life expectancy Tt. Unskilled workers can earn their

wage for all their lifetime Tt.11 Alternatively, at the beginning of their lives, individuals can

decide to acquire human capital by means of a time consuming education process, which allows

them to supply skilled labor albeit only after the education process is completed. Hence, on the

individual level, the trade-off between acquiring human capital or remaining unskilled, amounts

to the decision whether or not to spend a fix cost e in terms of time exclusively on education.

The amount of human capital acquired through the education process depends on innate ability.

Individuals with larger ability benefit more from education and acquire more human capital.

We assume that an agent with ability a acquires a effective units of skilled labor which can be

supplied on the market during the remaining lifetime: Tt − e. In contrast, every individual,

regardless of his ability, can supply one unit of unskilled labor throughout his entire life. This

formulation captures two crucial features of the human capital formation process. First, longer

life expectancy makes acquiring human capital relatively more attractive for individuals of any
9Hassler and Rodriguez-Mora (2000) use a related perception of skilled versus unskilled labor.

10Moav (2005) points out that in a standard endogenous fertility model, changes in longevity do not affect

investment in education made by parents in their children, but argues that longer life expectancy would still lead

individuals to increase their own human capital. Hazan and Zoabi (2004) offer an alternative approach for how

improvements in health and longevity may bring about changes in education decisions of parents concerning their

offspring.
11Wage rates for the different types of labor are determined competitively on the labor market, see below.
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level of ability. Second, higher innate ability, which is less important for providing manual labor,

facilitates the acquisition of human capital.12 The choice of human capital acquisition is made

optimally at the individual level, taking endowments in terms of life expectancy and ability, as

well as market wages, as given. These individual choices determine the human capital structure

at the aggregate level.

B Production and Labor Market Equilibrium

The stocks of skilled and unskilled labor available in the economy are the only factors of produc-

tion. A unique final consumption good is produced by two sectors. These sectors structurally

differ with respect to the intensity with which they use skilled and unskilled labor, and their

total factor productivity (TFP). The skilled-labor intensive sector is denoted by H, and the

unskilled-labor intensive sector is denoted by L. We adopt a simple vintage model in which

technological vintages are characterized by different levels of TFP and are generation-specific.

This implies that a given generation t can only operate technologies of vintage t. Therefore, to

determine the labor market equilibrium, we can concentrate attention on the production process

of a given generation t. The production technologies available to generation t in sector L and H
are denoted by Y L

t and Y H
t . We consider a Cobb-Douglas specification of the sectoral produc-

tion functions and, for the sake of simplicity, we restrict attention to the extreme case in which

every sector uses only one type of labor. Denote TFP characterizing vintage t in the H-sector

and in the L-sector by AH
t and AL

t , respectively, and the ratio of the two as At ≡ AH
t /AL

t . The

production function of generation t is then given by

Yt = Y L
t + Y H

t = AL
t Lα

t + AH
t Hα

t , (1)

where α ∈ (0, 1).13 Lt and Ht denote the aggregate levels of unskilled and skilled labor supplied

by generation t. Denote the instantaneous wage rates paid to every unit of skilled and unskilled

labor supplied by generation t by wH
t and wL

t , respectively. Wage rates are determined in the
12Any alternative model of human capital formation reproducing these two features would be entirely equivalent

for the purpose of this paper. For example, individual ability could affect the costs of the education process instead

of its return. Alternative settings like on-the-job learning could similarly be used to illustrate the importance of

longevity for human capital formation.
13Different productivity parameters αH and αL in the two sectors would not alter our qualitative results.
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competitive labor market and equal marginal productivities,14

wH
t =

∂Yt

∂Ht
= αAH

t Hα−1
t , and wL

t =
∂Yt

∂Lt
= αAL

t Lα−1
t . (2)

Since technological progress occurs in the form of the arrival of new vintages of technology, the

productivity of, and therefore the corresponding wages earned by, individuals of generation t

operating vintage t do not change during their lifetime.15

Individuals belonging to a given generation t have to decide whether to spend the time e on

acquiring human capital and supplying skilled labor for the remaining Tt − e of their lifetime, or

whether to supply unskilled labor for their entire life. Individuals’ utility is linear in consumption

and there is no discounting. Hence, utility maximization implies maximization of total lifetime

earnings. Timing issues within generation t are of no relevance, so we abstract from them. When

making their decision, individuals take life expectancy Tt as well as the wages accruing for each

type of labor as given. Individuals choose the type of labor that maximizes their lifetime income

stream. The latter is given by the competitive wage that can be earned by supplying either one

unit of unskilled labor or a units of skilled labor acquired through education. Denote the total

lifetime income for an individual of generation t with ability a by V L
t (a) if remaining unskilled,

14Empirical evidence supports the view that different sectors competed for labor, and wage payments reflected

producitivities even at early stages of industrial development, see e.g. Magnac and Postel-Vinay (1997). In

the benchmark case with only one factor in each sector, this assumption implies decreasing returns to scale with

factor payments not exhausting income. Assuming that non-wage income is divided equally among all individuals,

setting wages to average productivity, or introducing fixed factors like land in both sectors would be equivalent

assumptions to ensure that all income is appropriated without affecting education decisions, which are the focus

of this paper.
15The non-substitutability of inputs between vintages, and that only the latest vintages are adopted, are in line

with e.g. Malcomson (1975). This implies that e.g. a mechanic in the late 20th century knows how to repair a

common rail diesel engine, but not a steam engine. However, as will become clear in subsection D, vintages build

upon the advances of previous vintages, i.e. common rail diesel engines incorporate technological principles that

partly derive from steam engines. Note that this vintage structure implies that different vintages of technology

are operated at the same moment in time, τ , by different generations of individuals alive at τ . Technological

vintages go out of use and become passive once the individuals working on it die. This reflects the idea that new

generations find it more profitable to use new, more productive vintages of technology than to revive old ones.
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and by V H
t (a) if acquiring human capital. Then,

V L
t (a) =

∫ Tt

0
wL

t dτ = Ttw
L
t , (3)

V H
t (a) =

∫ Tt

e
awH

t dτ = a(Tt − e)wH
t . (4)

As anticipated, acquiring human capital is relatively more profitable the larger an individual’s

expected lifetime, and the higher his ability. Since an agent is indifferent whether or not to

acquire human capital if V H and V L are equal, we can identify a unique ability threshold,

ãt =
Tt

(Tt − e)
wL

t

wH
t

, (5)

for which V L
t (ãt) = V H

t (ãt). Individuals with a > ã find it profitable to incur the cost and

acquire human capital, while those with a < ã prefer to remain unskilled. The aggregate levels

of skilled labor Ht and unskilled labor Lt depend on the fraction of individuals of the given

generation t that decides to become educated. Consequently, the aggregate supplies of both

types of labor by generation t are

Lt =
∫ ãt

0
da = ãt and Ht =

∫ 1

ãt

a da =
1 − ã2

t

2
. (6)

We are now in the position to characterize the labor market equilibrium for each generation

t. This equilibrium is characterized by wage levels wH
t and wL

t , and the corresponding fraction

of individuals acquiring human capital λt ≡ (1 − ã∗t ), such that no individual has an incentive

to change his education decision.

Definition 1. [Labor market equilibrium] The labor market equilibrium for generation t

is characterized by a vector {
wH∗

t , wL∗
t , ã∗t ≡ (1 − λt)

}
such that, for any given Tt, conditions (2), (5) and (6), are simultaneously satisfied.

The relationship between life expectancy Tt and the population share acquiring human cap-

ital, λt ≡ (1 − ã∗t ), which satisfies Definition 1 is given by

Tt = Λ(λt, At) =
e

1 − Ω(At)g(λt)
, (7)
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with Ω(At) = 1/(21−αAt), where At = AH
t /AL

t , and g(λt) = (1−(1−λt)2)1−α

(1−λt)2−α . The equilibrium

fraction of the population acquiring human capital, λt, implied by condition (7), is monotoni-

cally increasing in Tt. The higher the life expectancy, the more people will invest in the time-

consuming human capital acquisition. This first central result is in accordance with the avail-

able evidence documenting the fact that longevity facilitates the accumulation of human capital.

Boucekkine et al. (2003) provide evidence on the early increase in adult longevity prior to the

industrial revolution and its effects on literacy. Swanson and Kopecky (1999), Kalemli-Ozcan

(2002) and Reis-Soares (2003), among others, present evidence for the effect of life expectancy

on educational attainment, growth and fertility choice.16

A closer analysis of (7) reveals that the predicted relationship between longevity and hu-

man capital acquisition is non linear and S-shaped, i.e. it is stronger and more pronounced for

intermediate values of T and λ.17 Intuitively, for low levels of life expectancy, the fraction of

individuals getting educated, λ, is small. This is due to the fixed time cost involved with its ac-

quisition, which prevents a large part of the population from receiving enough lifetime earnings

to be worth the effort. In this situation, it takes sufficiently large increases in life expectancy

to provide incentives for a significant fraction of individuals to become educated. On the other

hand, when already a substantial share of the population acquires human capital, very large

increases in T are necessary to make even more individuals supply skilled instead of unskilled

labor. Due to decreasing returns in both sectors, the marginal productivity of unskilled work-

ers is relatively large when there are only few of them. This dampens the attractiveness of

investing in human capital, even if life expectancy is very high. In this context, it is worth

noting that the equilibrium relationship only depends on the relative level of TFP in both sec-

tors, At = AH
t /AL

t . Note also that, even in the absence of constraints to longevity, there is a
16The positive effect of longevity on education is also emphasized by De la Croix and Licandro (1999), Lagerlof

(2003), Weisdorf (2004) and Galor (2004). For further evidence on the effect of health and living conditions

on education attainments, see Alderman et al. (2001), and Chakraborty (2004). In that respect, Tt could be

alternatively interpreted as “effective time” rather than longevity without affecting the main results, as for the

present purposes longevity (the length of the available time spell) and health or living conditions (the quality of

the available time) are technically the same.
17The S-shape of the equilibrium locus prevents corner solutions in human capital acquisition. This feature

follows from Inada conditions but, as clarified below, it is not crucial for the results.
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maximum fraction λ of individuals investing in human capital, which increases with A. These

findings can be summarized as

Proposition 1. [Equilibrium acquisition of human capital] For any generation t with

Tt ∈ [e,∞) , the equilibrium fraction of individuals acquiring human capital, λt(Tt), is

(i) unique, implicitly defined by (7), and satisfies Definition 1;

(ii) an increasing, S-shaped function of life expectancy Tt, with zero slope for T −→ e and

T −→ ∞, and exactly one inflection point;

(iii) increasing in the relative productivity of the human capital intensive sector, At;

(iv) bounded from above by λt(A) < 1 with ∂λt(A)
∂A > 0, limA→0 λt(A) = 0, limA→∞ λt(A) = 1.

C Life Expectancy

Historical and demographic evidence suggests that the levels of human capital and economic

development profoundly affect life expectancy. There is ample evidence that an increasing pop-

ular knowledge of the causes, propagation and treatment of common diseases, of the importance

of hygiene and sanitation, as well as the availability of respective technologies, helped to in-

crease life expectancy over time, see e.g. Mokyr (1993), Schultz (1999), and Easterlin (1999).

Empirical findings suggest that income, wealth and the level of education affect mortality and

health, see Mirovsky and Ross (1998) and Smith (1999). In particular, there is evidence that

children’s life expectancy increases with parents’ human capital and education (Schultz, 1993

and 1999), and that the human capital intensive invention of new drugs increases life expectancy

(see Lichtenberg, 1998, 2002, 2003 ).

We formalize this positive externality by making the simple assumption that life expectancy

of generation t increases in the fraction of the population of the previous generation (t− 1) that

10



acquired human capital:18

Tt = Υ(λt−1) = T + ρλt−1 , (8)

where ρ > 0 reflects the extent of the externality.19 This formulation implies that the positive

link does not rely on scale effects. There is a biological limit to extending life expectancy

implicitly contained in the specification of equation (8) since, by definition of λ as a fraction,

the lifetime duration is bounded from above and thus cannot be increased beyond a certain

level. We take this as a commonly agreed upon empirical regularity (see also Vaupel, 1998).

The minimum life expectancy without any individual acquiring human capital is given by T > e.

Hence, even with minimal longevity, the acquisition of human capital is feasible. The precise

functional form of this relation entails no consequences for the main results, and a (potentially

more intuitive) concave relationship would not change the main argument.

D Technological Progress

The technological environment evolves endogenously. Technological improvements take place

with the arrival of new generations of individuals in the form of new vintages, which are char-

acterized by larger TFP. Technological progress depends on the stock of human capital and

is biased towards the skill-intensive sector of production. This formulation combines two cen-

tral features. Firstly, following Lucas (1988) and Romer (1990), human capital is the engine

of growth through an externality on productivity. Secondly, as in Nelson and Phelps (1966),

Acemoglu (1998), and Galor and Moav (2000), technical progress is biased in favor of human

capital. Doms et al. (1997) provide empirical evidence supporting this view. These two features

imply that the available stock of human capital in a given generation indirectly makes human
18Equivalently, life expectancy could be related to average or total human capital, see Boucekkine et al. (2002),

or income, see Blackburn and Cipriani (2002), of the previous generation(s). If one accepts a positive effect of

the level of human capital on aggregate income, this assumption is also consistent with evidence indicating that

the aggregate income share spent on health care increases with aggregate income levels, see Getzen (2000) and

Gerdtham and Jönsson (2000) and the references there for the respective evidence.
19In reality, individuals can effectively influence their own life expectancy. However, during early phases of

development, individuals lacked a detailed knowledge about which factors and activities are detrimental or bene-

ficial for longevity, and beneficial factors, such as leisure, were simply not available. An explicit consideration of a

positive correlation between an individual’s life expectancy and his level of education would reinforce the results.
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capital more profitable to acquire for future generations. Since only the relative strength of

productivity growth in both sectors is relevant for the argument of the paper, there is no loss in

constraining the productivity effect to the H-sector. Hence, for simplicity and without loss of

generality, we normalize AL
t = 1 such that At = AH

t . In particular,

At − At−1

At−1
= F (λt−1, At−1) = δHt−1(λt−1)At−1 , (9)

where δ > 0.20 This implies that the (relative) productivity of a given vintage, At, increases

with the level of the human capital of the generation using the previous vintage, Ht−1, which is

a function of the share of skilled people in the parent generation λt−1, as well as with the level

of productivity already achieved at that stage, At−1.

Note that there are no scale effects involved in this specification. The crucial assumption for

what follows is the relation between TFP and the share of the previous generation λt−1 investing

in human capital. This specification emphasizes the particular role of human capital for the

accumulation of knowledge and thus for technological progress. The specific functional form

has little impact, since any specification implying a positive correlation between technological

progress (At − At−1)/At−1 and Ht−1 would yield qualitatively identical results.

2 The Process of Development

This section presents the dynamic system and analyzes the evolution of the economy.

A The Dynamic System

The solution of the model allows to characterize the process of development as the interplay

of individually rational behavior and macroeconomic externalities. The global dynamics of

the economy are fully determined by the trajectories of life expectancy Tt, the fraction of the
20This specification follows Romer (1990). A more flexible specification adopted from Jones (2001) is used in

the simulations below and leaves the qualitative results unchanged. In general, both types of labor can have a

positive intertemporal effect on total factor productivity of both sectors, as long as the technological externality

is biased towards the human capital intensive sector. In the simulations presented below, we actually allow total

factor productivity in the sector using unskilled labor intensively to grow as well, reflecting the historical fact

that agricultural productivity also increased as productivity in other sectors went up, e. g. during the industrial

revolution, see Streeten (1994).
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population acquiring human capital λt, and productivity At. We therefore characterize the

dynamic development of the economy by studying the evolution of these key variables over

generations. The dynamic path of the economy is fully described by the infinite sequence

{λt, Tt, At}t∈[0,1,2,...,∞), resulting from the evolution of the three dimensional, nonlinear discrete

first-order dynamic system derived from equations (7), (8), and (9). For illustrative purposes,

we first analyze the behavior of the economy by looking at the dynamic adjustment of human

capital and life expectancy conditional on the value of the productivity A. In particular, we

consider the reduced conditional system given by the inverse of the S-shaped locus Tt = Λ(λt, A)

resulting from the labor market equilibrium condition (7), λt = Λ−1(Tt, A), and by the locus

Tt = Υ(λt−1) representing the intergenerational externality on life expectancy given by (8),


λt = Λ−1(Tt, A)

Tt = Υ(λt−1)
. (10)

This system delivers the dynamics of human capital formation and life expectancy for a given

level of technology A > 0. From the previous discussion we know that the first equation of

the conditional system is defined for T ∈ [e,∞). Any steady state of the conditional system is

characterized by the intersection of the two loci Λ (A) and Υ:

Definition 2. [Steady State Equilibrium of the Conditional Dynamic System] A

steady state equilibrium of the dynamic system (10) is a vector Ec(A) ≡ {λc
A, T c

A} with λc
A ∈ [0, 1]

and T c
A ∈ [e,∞), such that, for any A ∈ (0,∞): λc

A = Λ−1(T c
A, A) and T c

A = Υ(λc
A). The

associated equilibrium aggregate levels of unskilled and skilled labor are denoted by Lc
A and Hc

A.

The system (10) displays at least one and, due to the S-shape of Λ(A), at most three steady

state equilibria Ec(A) ≡ {λc
A, T c

A}, indexed by c = L, u, H. These steady state equilibria

exhibit different properties. Low-type equilibria, denoted as EL(A), are characterized by low

life expectancy TL
A , and a small share of the population acquiring human capital λL

A. The locus

Λ (A) is locally concave at λL
A. High-type equilibria, denoted by EH(A), on the other hand,

are characterized by a relatively large fraction of skilled individuals in the population λH
A , and

high life expectancy TH
A . Moreover, the locus Λ (A) is locally convex at λH

A . The third type of

equilibria, denoted Eu(A), is unstable. Strictly positive amounts of both skilled and unskilled

labor are supplied in any steady state. These findings are summarized in

13
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Figure 3: Phase Diagram of the Conditional Dynamic System

Proposition 2. [Properties of Steady State Equilibria] For any A ∈ (0,∞), the steady

states of the conditional dynamic system (10) display the following features: (i) There exists

at least one steady state equilibrium; if it is unique, it is globally stable. (ii) There are at

most three equilibria denoted by EH (A), Eu (A), and EL (A) with the following properties: (a)

λH
A ≥ λu

A ≥ λL
A and TH

A ≥ T u
A ≥ TL

A ; (b) EH (A) and EL (A) are locally stable; (c) Eu (A) is

unstable. (iii) In any steady state, Hc
A > 0 and Lc

A > 0 for any c = L, u, H.

Figure 3 illustrates system (10) in the case of three equilibria.

B The Dynamic Pattern of Development

The analysis of the full dynamic system must account for the evolution of all state variables.

Human capital intensive labor promotes the adoption of new ideas and technologies, and thus

creates higher productivity gains than unskilled labor. This means that in the long run relative

productivity At will tend to increase.21

Consider a non-developed economy in which life expectancy at birth is low, as, for example,

Europe during the Middle Ages.22 Since T and A are low, investing in human capital is costly

for a large part of the population as the time investment in education, e, is relatively high. As

a consequence, the concave part of the Λ(A)-locus, which represents equilibrium human capital
21This is proved formally in the appendix. The strict monotonicity of At over generations depends on the

assumptions concerning technological progress, in particular that progress is confined to the H-sector. However,

this assumption is not necessary for the main argument. What is crucial is that productivity in the H relative to

the L-sector eventually increases once a sufficiently large fraction of the population acquires human capital (see

appendix). In the simulations, we allow productivity in the unskilled sector to grow as well.
22As will become clear below, starting from this point is without loss of generality.
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acquisition, is large. In this case, the conditional system is characterized by a unique dynamic

equilibrium of type EL with low life expectancy and a small fraction of individuals acquiring

human capital. This situation is depicted in Figure 4(a). During this early stage of develop-

ment, the feedback effects between longevity and productivity are very small. Nonetheless, over

the course of generations, productivity growth makes investing in education more profitable

for everybody, and life expectancy increases slowly. Graphically, the locus Λ(A) slowly shifts

downwards as generations pass. Eventually, Λ(A) exhibits three intersections with Υ, the locus

representing the intergenerational externality on life expectancy. Steady states of type Eu and

EH emerge in addition to EL but the economy remains trapped in the area of attraction of the

L-type equilibria, as in Figure 4(b). As generations pass, the dynamic equilibrium induced by

initially low life expectancy moves along Υ, exhibiting minor improvements in life expectancy T

and aggregate human capital formation λ. The consecutive downward shifts of Λ(A), however,

eventually lead to a situation in which the L-type equilibrium lies in the tangency of the two

curves, and becomes unstable, as shown in Figure 4(c). Already the following generation faces

a life expectancy that is large enough to induce a substantially larger fraction to acquire human

capital. At this point, there exists a unique EH steady state, as displayed in Figure 4(d). A

period of rapid development is triggered, during which life expectancy and the share of individ-

uals acquiring human capital grow rapidly: a transition in living conditions and the economic

environment occurs similar to that experienced during the industrial revolution. It is important

to note that the phase of sluggish development preceding the rapid transition could be arbitrar-

ily long, depending on the parameters governing the process of technological innovation. The

phase of fast development lasts for a few consecutive generations until life expectancy converges

to its (biologically determined) upper bound ρ + T , which is never achieved. Even though the

fraction of the population acquiring human capital keeps growing, some small fraction of the

population still supplies unskilled labor.

The following proposition summarizes these global dynamics.23 The evolution of the system

is characterized by the sequence of population shares acquiring human capital, life expectancies

and productivity levels {λt, Tt, At}t∈[0,1,2,...,∞).
23A technical version of the proposition is provided in the appendix.
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Figure 4: The Process of Development

Proposition 3. [Development Path of the Economy] An economy with sufficiently low

A and sufficiently large e passes through the following phases of development: (i) a (potentially

very long) period of sluggish growth (a) in the area of attraction of a sequence of unique L-

type equilibria, (b) trapped in the area of attraction of L-type equilibria despite the simultaneous

existence of H-type equilibria; (ii) a rapid transition towards a sequence of H-type equilibria;

(iii) a phase of sustained growth in the area of attraction of H-type equilibria.

It is important to note that the actual trajectory of the system depends on the initial con-

ditions and cannot be characterized precisely in general. Proposition 3 in fact states that the

system moves generation by generation in the area of attraction of the locally stable conditional

state EL during phase (i). In phases (ii) and (iii), the system converges to a series of globally

stable steady states EH . At this point, it is worth noting that the fact that the equilibrium frac-

tions of both types of labor are strictly positive, and that Λ(A) is S-shaped, follows from Inada
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conditions. Even if α = 1, the same dynamic pattern of development would arise, however.24 In

that case, the transition to EH would require an exogenous technological change, since during

the phase of stagnancy prior to the transition no individual would find it optimal to acquire

human capital. In historical terms, the model therefore exemplifies the different stages of de-

velopment.25 The inevitability of the transition to EH -equilibria is driven by the formulation

of technological progress in the tradition of endogenous growth theory. An alternative view of

technological progress with stochastic elements, such as destruction of knowledge, forgetting and

non-continuous, periodic improvements, could imply different predictions about the inevitability

of the industrial revolution.26

C A Simulation of the Dynamic Evolution

This section presents a simulation of the model to illustrate the mechanism described before and

its capability to replicate the patterns of long-term development. We simulate the model using

parameters reflecting empirical findings where possible. However, note that these simulations

are not to be understood as a calibration exercise.27

The evolution of T and λ is depicted in Figures 5(b) and 5(c), respectively. Initially, life

expectancy is quite low for a very long period of time. Its increase is continuous but barely

detectable. At a certain point (around 1760) a period of rapid growth in average life expectancy

begins. Within just a few generations, life expectancy increases from mid-20 to over 60, then
24The same is true for any concave production function that does not imply Inada conditions.
25Europe could be thought of as being trapped in a sequence of EL equilibria during ancient times and the

Middle Ages. At some point during the late 18th century development took off, as the multiplicity of equilibria

vanished. However, one could also think that, for example, African economies are still trapped today in dynamic

equilibria characterized by low life expectancy and low levels of human capital acquisition (exemplified by e.g.

literacy).
26For example, one could easily introduce random shocks affecting life expectancy and/or the stock of human

capital in the economy, representing events exogenous to the economic system such as wars. In this case the links

between generations through human capital are weakened or broken, which might prolong or even completely

prevent the take-off characterized above. A much more thorough discussion of the role of human capital acquisition

and knowledge for the economic transition is provided by Mokyr (2002, 2004).
27For the illustration, we simulate the economy over a horizon of 780 years, starting in year 1250. Clearly,

using an appropriate parametrization, the model is capable of generating a deliberately long period of stagnant

development before the phase transition. The parameters used in the simulation are reported in Appendix B.
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Figure 5: An Illustrative Simulation of the Development Process

its growth slows down again. Just when life expectancy takes off, more and more people begin

to acquire human capital.28 However, eventually also this process slows down, as the share of

educated people exceeds roughly three quarters of the population. Due to the permanent growth

in TFP, the aggregate stock of human capital keeps increasing, even after the transition, albeit

at ever lower rates.

The dynamics of aggregate income and population size are shown in Figures 5(a) and 5(d),

respectively. After initially growing only very slowly, aggregate income takes off and keeps

growing rapidly, even when growth in T and λ ebbs away. Despite permanent growth in income

generated in sector L, development is mainly driven by progress in sector H. As life expectancy

increases, more and more generations populate the economy at the same time. As a conse-

quence, the population grows substantially even though individual fertility behavior is assumed
28This is reflected in a rapid decrease of the ability threshold for becoming educated.
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to be constant and the same throughout generations.29 Eventually, population size stabilizes.30

Together, the simulations demonstrate the model’s capability of explaining the simultaneous

endogenous transition in different dimensions of human life documented in the introduction.

3 Concluding Remarks

The history of the Western world was characterized by a lengthy period of stagnation in economic

conditions, life expectancy, skills and population size, which was suddenly followed by a period

of fast and dramatic changes in all these dimensions. This paper presents a unified theory that

allows to explain these historical patterns by explicitly taking the interactions between living

conditions in terms of longevity and economic factors into account. Both economic development

and changes in life expectancy are modelled as endogenous processes. An implication of this

view is that even during the apparently stagnant environment before the transition, economic

factors and health conditions affected one another.

Wages, which are determined by productivity, and life expectancy are the crucial variables

in the individual education decision. In turn, this education decision has implications for the

education decisions of future generations, both through life expectancy and productivity changes.

Thus, advances in technological progress, human capital formation and longevity potentially

reinforce each other. However, the costs of acquiring skills are prohibitively high for large parts

of the population in an undeveloped environment, that is when life expectancy and productivity

are low. Only once the entire system is sufficiently developed does the positive feedback loop

have enough momentum to overcome the retarding effects of costs for human capital formation.

We analytically characterize the resulting development path, which exhibits a long period of

economic stagnation and poor living conditions, followed by a relatively short period of dramatic

improvements in all these dimensions.

In order to isolate the role of the individual human capital investment problem for the
29This is consistent with the argument and evidence put forward by Johnson (2000), who claims that population

growth in the developed countries in the 19th Century was almost entirely driven by higher life expectancy rather

than increased fertility.
30The non-smooth, jagged development of the population size follows from the fact that the number of popu-

lations alive at each point in time is discrete.
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dynamics of the system, we explicitly rule out features like scale effects related to population

size or the stock of human capital, the presence of fixed factors of production, like land, or the

existence of consumption subsistence levels as driving factors for the transition. The mechanism

presented in this paper is able to reproduce the observed patterns of long-term development

without the need of relying on exogenous events and strict temporal causalities. There is thus

no need for identifying a driving shock that triggered the transition. By simulating the model

for illustration purposes, we show that the long-run behavior of key indicators of development

like income, income growth, productivity, life expectancy, and population size implied by the

model is in line with empirical evidence and stylized facts.
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A Appendix: Proofs

For notational simplicity, denote in the following ã∗ simply as a. Also, as long as there is no
danger of confusion, we suppress the subscripts ’t’ for generation t for notational convenience
(e. g. Tt(at) = T (a), etc.).

Proposition 1 [Optimal Acquisition of Human Capital]:

Proof. Using equations (2), (5) and (6), one can derive condition (7), which satisfies the definition
1 for a labor market equilibrium. Recall that g(a) ≡ (

1 − a2
)1−α

aα−2 and Ω = 1/(21−αA).
Using standard calculus, we get,

T ′(a) =
eg′(a)Ω

[1 − g(a)Ω]2
, (11)

and

g′ (a) = −g (a)
[

2(1−α)a2+(2−α)(1−a2)
(1−a2)a

]
≡ −g (a) f (a) < 0 . (12)

Since T > 0, and since g′(a) < 0, the support of a is restricted to those values of a such that
1 − Ω(A)g(a) > 0. This implies a lower bound a(A) : g (a(A)) Ω(A) = 1. Note also that
T (a(A)) = ∞. Claim (iv) follows immediately.

Next, note that T ′(a) < 0 ∀a ∈ [a (A) , 1], hence T (a) is invertible in a ∈ [a (A) , 1]. Also
T (a) ≥ e ∀a ∈ [0, 1], so the inverse function a(T ) is strictly monotonically decreasing for all
positive T . Using (12) and g′′(a) = g

(
f(a)2 − f ′(a)

)
, we get

T ′′(a) =
eΩg′′(a) [1 − g(a)Ω] + 2e [g′(a)]2 Ω2

[1 − g(a)Ω]3
=

eΩg(a)
(
f(a)2 − f ′(a)

)
[1 − g(a)Ω] + 2e [g(a)f(a)]2 Ω2

[1 − g(a)Ω]3
.

(13)
The necessary condition for an inflection point is T ′′(a) = 0 or,

g(a)
(
f ′(a) − f(a)2

)
[1 − g(a)Ω] = 2 [g (a) f(a)]2 Ω(

f ′(a) − f(a)2
)

= 2
[

g (a) Ω
1 − g (a) Ω

]
f(a)2

−2αa2
(
1 − a2

) − (
2 − α − αa2

) (
1 − 3a2

) − (
2 − α − αa2

)2 = 2
[

g (a) Ω
1 − g (a) Ω

] (
2 − α − αa2

)2

−2αb (1 − b) − (2 − α − αb) (1 − 3b) − (2 − α − αb)2 = 2
[

h (b) Ω
1 − h (b) Ω

]
(2 − α − αb)2

(LHS) = (RHS)

where we denote a2 ≡ b and b ≡ a2 and g(a) = h(b). The inflection point is unique since
the RHS is a strictly decreasing continuous function in b ∈ (b (A) , 1) , taking infinite value at
b (A) and zero value at b = 1, while the LHS is a quadratic and strictly concave function taking
negative value at b = 0 and positive value at b = 1. Therefore, by applying the intermediate value
theorem, there exists a unique bI

A ∈ (b (A) , 1), and correspondingly, a unique aI
A ∈ (a (A) , 1),

such that T ′′(aI
A) = 0. Furthermore, T (a) is convex for low a ∈ (a (A) , 1), and concave for large

a ∈ (a (A) , 1). Finally, inspection of T ′ (a) reveals that the function T has infinite slope both at
a = a(A) and a = 1.31

Proposition 2 [Properties of Steady State Equilibria]:
31Since a = 1 − λ, the function (7) is strictly increasing in λ, first concave and then convex with a vertical

asymptote at λ (A) = 1 − a (A) , as in Figure 3 and infinite slope at λ = 0.
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Proof. Consider the T −a space. (i): the Υ-locus is linear, with slope −ρ, T (a = 0) = T +ρ and
T (a = 1) = T . From the proof of Proposition 1 we know that, for any A > 0, the locus Λ (A)
has a saltus at a as lima↓a(A) Tt(a, A) = ∞, and that Λ is monotonically decreasing ∀a > a (A).
Since T (1) = e ∀t, and e < T , hence Λ(A) takes values above Υ at the extreme a = a (A) and
below Υ at a = 1. The intermediate value theorem insures at least one intersection for any given
A. Any unique steady state equilibrium is therefore globally stable.

(ii): From Proposition 1, Λ (A) has always a unique inflection point. Hence, the loci Λ and
Υ can intersect at most three times. Claim a) follows from the negative slopes of both loci that
allow to rank steady states. Claims (b) and (c): follow immediately from (i), since at extreme
equilibria EH(A) and EL(A), Λ (A) intersects Υ from above, which means that the system is
locally stable, while the opposite is true for the intermediate equilibrium Eu(A).

(iii): Using (i), note that any steady state is characterized by an interior solution with
a < 1, since T (a = 1) = e < T , which implies Hc

A > 0 and Lc
A > 0 for any c = L, u, H and for

any A > 0.

Proposition 3 [Development Path of the Economy]:
We start by analyzing the evolution of technology. Using (9), express the level of relative

TFP for generation t as,

At = (1 + F (λt−1, At−1)) At−1 = (δHt−1At−1 + 1) At−1 . (14)

Equation (14) is of the form At = (ct−1 + 1)At−1 = dt−1At−1, where dt−1 = δHtAt−1 + 1 > 1
for any t, since from Proposition 2, Ht(A) > 0 for any t and δ > 0. For any A0 > 0, we
can rewrite At =

(∏t
i=1 di−1

)
A0, where

(∏t
i=1 di−1

)
> 1 and limt−→∞

(∏t
i=1 di−1

)
= ∞. This

means that the process is autoregressive, positive monotonous and non stationary. Hence, At is
strictly increasing generation after generation, with limt−→∞At = ∞. Next, we show that for
any a, technological progress induces larger human capital accumulation: by partial derivation of
equation (7), ∂Tt(at)

∂At
= − Tt(at)

[1−Ω(At)g(at)]
g(at)

Ω(At)At
< 0 ∀a ∈ [a (At) , 1] implying that the locus Λ (A)

shifts downward ∀a ∈ [0, 1]. Denote by Λ′(A) ≡ ∂T (a, A)/∂a the function characterizing the
slope of Λ(A), while Λ′′(A) ≡ ∂2T (a, A)/∂a2 denotes the second derivative. From Proposition 1,
|Λ′(A)| is U-shaped, takes infinite value at the extremes of the support {a (A) , 1}, and exhibits
a unique global minimum at aI

A : Λ′′(A, aI
A) = 0. Also,

∂

∂At

∣∣∣∣∂Tt(at, At)
∂at

∣∣∣∣ =
−egtft

(1 − gtΩt)3
[1 − gtΩt + 2Ωt]

1
21−αA2

t

< 0 ∀ a ∈ [a (At) , 1] . (15)

implying that, ∀a ∈ [a (A) , 1], |Λ′(A)| shifts downward as A increases. Also, limA−→0 a (A) = 1,
limA−→∞ a (A) = 0, limA−→∞

(
∂T (a,A)

∂a

)
= 0 ∀a �= {a(A), 1}, and limA−→0 |

(
∂T (a,A)

∂a

)
| = +∞,

∀a ∈ [a (A) , 1]. Therefore Λ′(A) eventually takes value zero in the interior of the bounded
support as A −→ ∞, and Λ(A) is almost vertical at a = 1 (with infinite slope) as A −→ 0. Figure
6 plots |Λ′(A)| for different A. As A increases, |Λ′(A)| shifts downwards. Hence, there exists a
unique value A0 and, correspondingly, a unique generation t0, such that |Λ′(A0, aI

A0)| = ρ. For

A = A0, the loci |Λ′| and Υ′ = ρ in Figure 6 are tangent. Hence, |Λ′(A, aI
A)| >

< ρ ⇐⇒ A
<
> A0.

Since |Λ′(A)| is globally convex, by definition of aI
A as extremum (or from graphical inspection

of Figure 6), for any t ≥ t0 there exist exactly two levels of a, a1
At

≤ aI
At

≤ a2
At

, where a1
At

lies
in the convex and a2

At
in the concave part of Λ(A), such that |Λ′ (At, a

1
At

) | = ρ = |Λ′ (At, a
2
At

) |.
Proposition 2 proves existence of at least one equilibrium of the system (10). For any

generation t < t0, the equilibrium is unique since |Λ′ (At) | > ρ ∀a ∈ [a (A) , 1] and the loci
Λ (At) and Υ necessarily intersect only once. For t ≥ t0, multiple equilibria may arise if Λ (A) is
flatter than Υ in some range of the support. Thus, at t0 two scenarios are possible depending on
the nature of the unique equilibrium. If Λ(A0, aI

A0) < Υ(aI
A0), the unique equilibrium is of type
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Figure 6: Emergence of Multiple Equilibria

H since, by definition of aI
A as inflection point, the two loci Υ and Λ intersect in the convex part

of Λ (A) . This is the case if and only if the concave part of |Λ (A) | is sufficiently small, which is
true if the fixed cost of acquiring human capital H, e is sufficiently small. In this case, nothing
prevents agents from acquiring human capital from early stages on, and the economy develops
smoothly as A increases overtime. In the other scenario, Λ(A0 , aI

A0) ≥ Υ(aI
A0), so the unique

equilibrium for generation t0 is of type L. In this case, acquiring H is individually costly in an
underdeveloped economy, or, equivalently, e is sufficiently large to generate a development trap.
The economy is characterized by a lengthy sequence of L-equilibria which is eventually followed
by a development process as described in Proposition 3. Proposition 3 in the text is formally
equivalent to:

Proposition 3. Consider an economy with e sufficiently large, so that ∀A ≤ A0, the system (10)
is characterized by a unique steady state equilibrium of type L. There exist A0 < A1 < A2 < ∞
such that the system (10) is characterized by:

(i) a unique type L equilibrium ∀At ≤ A1;

(ii) two steady states Eu(A1) and EL(A1) at At = A1;

(iii) three steady states: EH(At), Eu(At) and EL(At) ∀At ∈ (A1, A2);

(iv) two steady states EH(A2) and Eu(A2) at At = A2;

(v) a unique H-type equilibrium ∀At > A2.

There exists a unique generation t2: ∀ t ≤ t2 the economy is characterized by a sequence of
L−type equilibria reflecting (i)-(iv), while ∀ t > t2 the economy is characterized by a sequence
of H−type equilibria, reflecting (v).

Proof. Since, as previously proved, At strictly increases in t, we can determine the dynamics
of the system by the position of Λ(At, a

I
t ), Λ(At, a

1
t ), and Λ(At, a

2
t ) with respect to the corre-

sponding values of the Υ-locus. Consider first claims (i) and (v). By construction, at t0 the
steady state is L-type. As A → ∞, there is a unique equilibrium with aH

t close to zero since
limA→∞ a(A) = 0 and Λ(A, a) = ∞. Given the previous discussion regarding ∂|Λ′(A, a)|/∂A,
the locus Λ(∞, a) exhibits infinite value at a = 0 and value e elsewhere. Hence there must exist
a generation t2: ∀ t > t2 the H−type equilibrium is unique. Consider claims (ii), (iii) and
(iv). Λ(A, a) and |Λ′(A, a)| decrease monotonically with A. By continuity, there exists a level
A1 such that Λ(A1, a1

A1) = Υ(a1
A1) but Λ(A1, a2

A1) > Υ(a2
A1) since a2

A1 lies in the concave part
of Λ(A). Consequently, for any A > A1: Λ(A, a1

A) < Υ(a1
A). The same reasoning insures the
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existence of A2 : Λ(A2, a2
A2) = Υ(a2

A2) and the fact that Λ(A, a2
A) < Υ(a2

A) for any A > A2.
Since Λ(A, a) is continuous and monotonic in a, for any A ∈ (A1, A2), Λ(A, a1

A) < Υ(a1
A1) and

Λ(A2, a2
A2) > Υ(a2

A2) there exists a unique level au(A) which determines a locally unstable steady
state of the system (10). Since both loci Λ(A) and Υ are decreasing in a, the levels of T and a
associated to any locally stable steady state change monotonically as generations t pass. This
follows from comparative statics in supermodular settings (or simple graphical inspection). An
increase in A shifts Λ(A) down, increasing T and decreasing a associated to any locally stable
equilibrium (the opposite is true for unstable ones).

Note that, since A changes discretely as generations pass, it may be the case that not all the
phases from (i) to (v) are exactly realized. In particular, stages (ii) and (iv) with the system
displaying exact tangency and two equilibria, may not realize if the discrete change in A moves
the system from one to three steady states within just one generation, namely if, for some t:
At < A1 < At+1 or At < A2 < At+1. Nonetheless, the global evolution of the system (10)
necessarily follows the described phases with the full system evolving around an L-type locally
stable steady state before an endogenous rapid transition to a globally stable steady state of
type H.

B Appendix: Simulation

For the illustration, we simulate the economy over 390 generations. Interpreting every 2 years
as the arrival of a new generation, this reflects roughly a horizon from year 1250 to 2030, which
includes the industrial revolution. Parameter values and initial conditions used in the simulation
are contained in Table 1. A maximal life expectancy of 90 years cannot be exceeded, while the
minimum life expectancy is assumed to be 25 years, which is in line with Streeten (1994) who
cites evidence that average life expectancy in central Europe was around 25 years before 1650.
The assumptions imply also that the total scope of extending life expectancy by research, medical
inventions and the like is 65 years (ρ). The fixed cost of acquiring human capital, e, is 15 years.
Adopting a generalization of the specification of Romer (1990) similar to that by Jones (2001),

technological improvements in both sectors are modelled as
AH

t −AH
t−1

AH
t−1

= δHHφH
t−1(A

H
t−1)

χH
, and

AL
t −AL

t−1

AL
t−1

= δLHφL
t−1(A

L
t−1)

χL
, respectively, where δH, δL, φH, φL, χH and χL are positive real

numbers. Both sectors exhibit the same extent of decreasing returns to the stock of human
capital α. The assumption δH > δL implies that TFP grows relatively faster in the H−sector.
Initially, TFP in both sectors is the same.32

Table 1: Parameter Values Used for Simulation

α 0.5 δH 0.025 χH 0.5 e 15.0
AH

0 = AL
0 1.0 δL 0.01 χL 0.6 T 25.0

λ0 0.005 φH 0.55 φL 0.45 ρ 65.0

32In other settings, the relative productivity of skilled to unskilled sector, At may initially decrease, reflecting the
larger innovative dynamics of sector L during early stages of development, and delaying a widespread acquisition
of human capital. However, since human capital is relatively more important for technological progress, the
productivity in the skill-intensive sector eventually outruns that in the low-skill sector, so that relative productivity
eventually increases and keeps increasing from this point on.
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